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ON THE CONSTRUCTION OF COMPLETE EXPANDING GRADIENT
RICCI SOLITONS
MA´RCIO DE SOUSA, PAULA BONFIM, ROMILDO PINA, AND TIBE´RIO MARTINS
Abstract. We study gradient Ricci solitons warped products whose base is the Eu-
clidean space. We show that the warping functions of these manifolds are invariant
under the (n− 1)-dimensional translation group. We characterize the potential function
when the torsion function depends only on one variable, which is a particular case of
invariance by translation. From this study, we derive complete examples of expanding
gradient Ricci solitons.
1. Introduction
Gradient Ricci solitons are natural generalizations of Einstein manifolds, and their impor-
tance attracts the attention of many researchers. These manifolds are self-similar solutions
of the Ricci flow ∂g(t)/∂t = −2Ricg(t) and appear as limits of expansion of singularities in
this flow.
Let (M, g) be a Riemannian manifold of dimension n ≥ 3. We say that (M, g) is a
gradient Ricci soliton if there exists a differentiable function h :M → R such that
(1.1) Ricg +Hessg(h) = ρg.
where Ricg is the Ricci tensor, Hessg(h) is the Hessian of h with respect to the metric g,
and ρ ∈ R. A gradient Ricci soliton is said to be shrinking, steady, or expanding if ρ > 0,
ρ = 0, or ρ < 0, respectively. When h is a constant function, we have an Einstein manifold.
Examples and classifications of gradient Ricci solitons are found in the literature over the
approximately thirty years since the introduction of the Ricci solitons concept in [7]. Most
of the examples found are classified as shrinking or steady.
Considering Rn with the canonical metric g0, (R
n, g0) is a gradient Ricci soliton with a
potential function given by h(x) = A|x|2/2 + g0(x,B) + C, with A,C ∈ R and B ∈ Rn.
They are called Gaussian solitons. By varying the value of the constant A, these can be
shrinking, steady, or expanding.
A characterization for conformally flat complete shrinking gradient Ricci solitons was
given in [6], which shows that such manifolds are essentially quotients of Rn, Sn, or R×Sn−1.
Robert Bryant proved in [2] that there is a single complete, steady, gradient Ricci soliton
that is spherically symmetric for any n ≥ 3, which is known as the Bryant soliton. In 2012,
Cao and Chen showed in [3] that any complete, locally conformally flat steady gradient
Ricci soliton is either flat or isometric to the Bryant soliton.
In [4] and [10], the authors proved several classification theorems for gradient expanding
and steady Ricci solitons. In [4], they proved that the only complete expanding solitons
with nonnegative sectional curvature and integrable scalar curvature are quotients of the
Gaussian soliton. In [10], they proved that a complete noncompact radially Ricci flat gra-
dient expanding Ricci soliton with nonnegative Ricci curvature is a finite quotient of Rn.
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Moreover, they proved that a complete noncompact gradient expanding Ricci soliton with
Ric ≥ 0 and Div4Rm = 0 is a finite quotient of Rn.
It is important to remember that a Riemannian warped product is a product B × F
equipped with the metric gB ⊕ f2gF , where gB and gF denote the Riemannian metrics of
B and F , respectively, and f : B → R is a positive function.
In [8], the authors studied gradient Ricci solitons with warped product structure, and
obtained all invariant solutions by translation of (1.1) when the base is locally conformally
flat
(
Rn, g¯ =
1
ϕ2
g0
)
and the fiber Fm is an Einstein manifold. The solutions that were
found excluded the case where ϕ is constant, that is, when the base is the pseudo-Euclidean
space. Inspired by the absence of this type of solution in [8], in this work we study Rie-
mannian warped products of the form (Rn×f Fm) satisfying equation (1.1), where f and h
are any differentiable functions. Here we do not use the hypothesis that the functions are
invariant by translation.
The authors in [5] showed that expanding or steady gradient Ricci solitons warped prod-
ucts whose torsion function reaches maximum and minimum must be Riemannian products.
In the same work, they presented a complete example whose base is the Euclidean space,
and that is generalized in this study.
In Theorem 1 we show that in a Riemannian warped product Rn ×f Fm, n ≥ 2, with
metric g0⊕ f2gF and g0 denoting the Euclidean metric, the warping function f is invariant
by translation; that is,
f(x1, . . . , xn) = P
(
n∑
i=1
aixi + bi
)
,
where ai, bi ∈ R, and P is a function of at least C1. Already in Theorem 3 we characterize
the potential function of a gradient Ricci soliton when the torsion function depends only on
one variable, which is a particular case of invariance by translation. From these two results
we built several examples of gradient Ricci solitons. Among them, the examples 1 and 2 i)
are complete expanding gradient Ricci solitons.
2. Statements
In the following results, we consider
(2.1) (M, g) = (Rn ×f Fm, g0 ⊕ f2gF ),
a Riemannian warped product, where the base (Rn, g0) is a Euclidean space with n ≥ 2 and
coordinates (x1, . . . , xn), the fiber (F
m, gF ) is a Riemannian manifold with m ≥ 1 and the
warping function f : Rn → R∗+ is a smooth function. We denote by f,xixj and h,xixj the
second order derivatives of f and h, respectively, with respect to xi and xj . In addition, we
identify fields and functions in Rn and Fm with your lifting the Rn ×f Fm.
The first theorem classifies the warping function of a gradient Ricci soliton of the form
(2.1). It tells us that this function is invariant under the (n − 1)-dimensional translation
group, which is a subgroup of the group of isometries from the Euclidean space Rn.
Theorem 1. Let (Rn, g0) be the Euclidean space, n ≥ 2, with coordinates x = (x1, · · · , xn)
and metric components g0ij = δij . Consider a warped product M = R
n ×f Fm with metric
g = g0 + f
2gF , where F is a Riemannian manifold of dimension m ≥ 1, f, h : Rn → R
smooth functions and f positive. If (M, g) is a gradient Ricci soliton with potential function
h, then the warping function f is invariant by translation.
In the next result, we obtain the system of partial differential equations that describes
warped products gradient Ricci solitons of the form Rn ×f Fm when the potential function
h depends only on the base and the fiber Fm is an Einstein manifold.
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Theorem 2. Let (Rn, g0) be the Euclidean space, n ≥ 2, with coordinates x = (x1, · · · , xn)
and metric components g0ij = δij . Consider a warped product M = R
n ×f Fm with metric
g = g0 + f
2gF , where F is a Riemannian Einstein manifold with constant Ricci curvature
λF , m ≥ 1, f, h : Rn → R smooth functions and f positive. Then M is a gradient Ricci
soliton with potential function h if and only if the functions f and h satisfy:
(2.2)


fh,xixj −mf,xixj = 0, ∀i 6= j
fh,xixi −mf,xixi = ρf, ∀i
n∑
k=1
[−ff,xkxk −(m− 1)f,2xk +ff,xk h,xk ] = ρf2 − λF
.
The following is an example of a complete solution for the system (2.2), considering the
information given by Theorem 1, i.e., taking f to be invariant by translation.
Example 1. Consider ξ =
n∑
k=1
xk and the functions
f(x1, . . . , xn) = a1e
√
a
m
ξ + a2e
−
√
a
m
ξ,
and
h(x1, . . . , xn) =
−(n− 1)a
2
n∑
k=1
x2k + a
∑
k<l
xkxl +
n∑
k=1
ckxk + b,
where a, a1, a2, b, ck ∈ R, with a > 0, a21 + a22 6= 0, and
n∑
k=1
ck = 0. So, we have
fxi = a1
√
a
m
e
√
a
m
ξ − a2
√
a
m
e−
√
a
m
ξ, h,xi = −(n− 1)axi + a
∑xk
k 6=i+ci,
f,xixi = a1
a
m
e
√
a
m
ξ + a2
a
m
e−
√
a
m
ξ = a
m
f, h,xixi = −(n− 1)a,
f,xixj =
a
m
f, h,xixj = a.
With this information, it follows that the first equation of (2.2) is automatically satisfied.
From the second equation we get that ρ = −na. Now, replacing the data in the first member
of the third equation of (2.2), we have
n∑
k=1
[
− a
m
f2 − (m− 1) a
m
(
a21e
2
√
a
m
ξ − 2a1a2 + a22e−2
√
a
m
ξ
)
+ff ′
(
−(n− 1)axk + a
∑
l 6=k xl + ck
)]
= −na
m
f2 − n(m− 1)a
m
(f2 − 4a1a2) + ff ′[−(n− 1)aξ + aξ(n− 1)]
= ρf2 + 4na
(m− 1)
m
a1a2.
If λF = −4a1a2na (m− 1)
m
= 4a1a2ρ
(m− 1)
m
, we conclude that this expression is equal to
ρf2 − λF , and then the last equation of (2.2) is satisfied.
As here the warping function is globally defined, if the fiber F is a complete Einstein
manifold, we have a complete expanding gradient Ricci soliton Rn ×f Fm with ρ = −na,
where the fiber has Ricci curvature λF = 4a1a2ρ
(m− 1)
m
.
Note that in the example above the Ricci curvature of the fiber can be negative, positive,
or null, depending on whether a1 and a2 have the same sign, opposite signs, or if either of
these constants is zero. Therefore, the fiber F can be, for example, anym-dimensional model
space Mm(c), with sectional curvature c ∈ {−1, 0, 1}. In these cases, we have complete
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expanding gradient Ricci solitons Rn×f Mm(c). We also note that for [6] these solitons are
not locally conformally flat.
Moreover, in the case that the Ricci curvature of F is null with a1 = 0 or a2 = 0, we can
choose for F , for example, the famous Schwarzschild metric, and get a beautiful example of
an expanding gradient Ricci soliton.
In Theorem 2, we consider the case where the warping function depends on only one
of the variables, which is a particular case of invariance by translation. Without loss of
generality, we assume that f depends only on x1.
Theorem 3. Let (Rn, g0) be the Euclidean space, n ≥ 2, with coordinates x = (x1, · · · , xn)
and metric components g0ij = δij . Consider a warped product M = R
n ×f Fm with metric
g = g0 + f
2gF , where F is a Riemannian Einstein manifold with constant Ricci curvature
λF , m ≥ 1, f, h : Rn → R smooth functions and f positive. If f = f(x1), then
h(x1, . . . , xn) = h1(x1) +
n∑
k=1
(ρ
2
x2k + akxk + bk
)
,
and h1(x1) is a smooth function satisfying
(2.3)
{
λF − ff ′′ − (m− 1)(f ′)2 + ff ′h′1 = ρf2
fh′′1 −mf ′′ = ρf
,
where ak, bk ∈ R.
Next, we will outline some solutions for the system of equations (2.3).
Example 2. Suppose that h′′1(x1) = h
′
1(x1) = 0 in (2.3). Thus, the potential function is
given by
h(x1, . . . , xn) = c+
n∑
k=2
(ρ
2
x2k + akxk + bk
)
,
with ak, bk, c ∈ R.
From the second equation of (2.3) we have
f ′′ +
ρ
m
f = 0,
and then f is given by
f(x1) =


c1e
√
−
ρ
m
x1 + c2e
−
√
−
ρ
m
x1 , ρ < 0
c1 + c2x1, ρ = 0
c1 sin
(√
ρ
m
x1
)
+ c2 cos
(√
ρ
m
x1
)
, ρ > 0
,
with c1, c2 ∈ R.
i) If f(x1) = c1e
√
−
ρ
m
x1+c2e
−
√
−
ρ
m
x1 , we have (Rn×f Fm, g0⊕f2gF ) is an expanding
gradient Ricci soliton, where the fiber F has Ricci curvature
λF =
m− 1
m
(c22 − c21)ρ.
If the fiber is a complete manifold, the gradient Ricci soliton is complete.
ii) If f(x1) = c1 + c2x1, we get a steady gradient Ricci soliton, where the fiber F has
positive Ricci curvature
λF = (m− 1)c22.
iii) If f(x1) = c1 sin
(√
ρ
m
x1
)
+c2 cos
(√
ρ
m
x1
)
, we get a shrinking gradient Ricci soliton,
where the fiber F has positive Ricci curvature
λF =
m− 1
m
(c21 + c
2
2)ρ.
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The previous example is a generalization of a complete example given in [5], where the
authors obtained the function in i) for m > 1 and λF ≤ 0, with the same potential function
h.
In this example we also note that in the item i) the Ricci curvature of the fiber can be
negative (if |c2| > |c1|), null (if c1 = c2) or positive (if |c1| > |c2|). Therefore, the fiber F can
be any m-dimensional model space Mm(c), with sectional curvature c ∈ {−1, 0, 1}. Then,
we have a complete expanding gradient Ricci soliton Rn ×f Mm(c). Here we also have that
these solitons are not locally conformally flat, due to [6].
Example 3. Consider the case where m = 1. Therefore, λF = 0, and the system (2.3)
becomes {
fh′′1 − f ′′ = ρf
−ff ′′ + ff ′h′1 = ρf2
Multiplying the first equation by f and comparing the two equations in the system, we have
h′′1
h′1
=
f ′
f
.
So, we have h′1 = kf , with k > 0. Substituting in the second equation, we conclude that f
must be solution of the ordinary differential equation
f ′′ − kff ′ − ρf = 0.
3. Proof of Statements
Proof of Theorem 1: Let (M, g) = (Rn ×f Fm, g0 ⊕ f2gF ) be a warped product manifold.
Take (p, q) ∈ Rn ×f F and suppose that {X1, . . . , Xn} is an orthonormal base of Tp(Rn),
i.e.,
g0(Xi, Xj) = δij ,
and {Y1, . . . , Yn} is any base of Tq(F ).
As the base of the warped product is the Euclidean space (Rn, g0), ifHessg0f(Xi, Xj) = 0
for every pair of fields in the base,
f =
(
n∑
i=1
aixi + bi
)
,
whence the result follows.
Now, if there are at least a pair of fields (Xi, Xj) such that Hessg0f(Xi, Xj) 6= 0, if
(M, g) is a gradient Ricci soliton, it follows from Theorem 1 of [1] that h depends only on
the base and the fiber is an Einstein manifold.
It is known that in a warped product (see [9])
(3.1)


Ricg(Xi, Xj) = Ricg0(Xi, Xj)−
m
f
Hessg0f(Xi, Xj)
Ricg(Xi, Yj) = 0
Ricg(Yi, Yj) = RicgF (Yi, Yj)−
(
∆g0f
f
+
||gradg0f ||g0
f2
)
g(Yi, Yj)
.
Then, in coordinates the equation (1.1) of gradient Ricci solitons provides
(3.2)
{
fh,xixj −mf,xixj = 0, i 6= j
fh,xixi −mf,xixi = ρf i = j
.
Deriving the first equation from (3.2) with respect to xi and the second equation from
(3.2) with respect to xj , and comparing the results we get
(3.3) f,xj h,xixi −f,xi h,xixj = ρf,xj .
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On the other hand, isolating h,xixi and h,xixj in the first and second equations of (3.2)
respectively, and replacing (3.3), we obtain
(3.4)
m
f
(
f,xj f,xixi −f,xi f,xixj
)
= 0.
Without loss of generality, suppose that f,xi 6= 0 for all i = 1, . . . , n. Thus, it follows that
(3.4) is equivalent to
f,xixi
f,xi
=
f,xixj
f,xj
.
Then,
log f,xi = log f,xj +Fi(xˆi),
where xˆi denotes that Fi does not depend on the variable xi. So
f,xi = e
Fi(xˆi)f,xj .
Similarly,
f,xj = e
Fj(xˆj)f,xi .
Substituting in the previous equation, we get
f,xi = e
Fi(xˆi)+Fj(xˆj)f,xi .
Therefore,
(3.5) Fi(xˆi) = −Fj(xˆj).
Fixing i and varying j, we will get that Fi(xˆi) is equal to a function that does not depend
on xj , for all j 6= i. Since Fi is also not dependent on xi, we conclude that Fi is constant.
Thus,
f,xi = cijf,xj ,
for all i 6= j. The characteristic of the equation above shows us that
f = P
(
n∑
i=1
aixi + bi
)
,
where ai, bi ∈ R, ai = cijaj , and P is a function at least C1. Therefore, f is invariant by
translation. 
Proof of Theorem 2: Let M = Rn ×f Fm be a warped product that is a gradient Ricci
soliton with a potential function h. Suppose that {X1, X2, . . . , Xn} is an orthonormal base
of Tp(R
n) and {Y1, Y2, . . . , Ym} is any base of Tq(F ). Then g0(Xi, Xj) = δij and denoting
the Ricci tensor of manifolds M,Rn, and F by Ricg, Ricg0 , RicgF , respectively, we have that
the expressions for the Ricci tensor are given by (3.1).
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As the base of the warped product is the Euclidean space (Rn, g0) and the fiber is an
Einstein manifold, it follows that

Ricg0(Xi, Xj) = 0
Hessg0f(Xi, Xj) = f,xixj
∆g0f =
n∑
k=1
f,xkxk
‖gradg0f‖0 =
n∑
k=1
f2,xk
RicgF (Yi, Yj) = λF gF (Yi, Yj)
Hessg(h)(Xi, Xj) = h,xixj
Hessg(h)(Xi, Yj) = 0
Hessg(h)(Yi, Yj) =
∑n
k=1 ff,xk h,xk gF (Yi, Yj)
(3.6)
Furthermore, as we are assuming that (M, g) is a gradient Ricci soliton with potential
function h : Rn −→ R, we have
(3.7) Ricg +Hessg(h) = ρg.
Replacing (3.6) in (3.7), we get

fh,xixj −mf,xixj = 0, ∀i 6= j
fh,xixi −mf,xixi = ρf, ∀i
n∑
k=1
[−ff,xkxk −(m− 1)f,2xk +ff,xk h,xk ] = ρf2 − λF
.

Proof of Theorem 3: Suppose that f = f(x1). Then, from the first equation of (2.2) we get
that
h,xixj = 0;
Thus, it is evident that, h is a function of separable variables, such as
h(x1, . . . , xn) =
n∑
k=1
hk(xk).
In the second equation of (2.2), if i = 1 we get the second equation of (2.3); if i 6= 1 we
have
h,xixi = ρ,
whence we conclude that
hi(xi) =
ρ
2
(
x2i + aixi + bi
)
,
for all i 6= 1. Finally, the third equation of (2.2) follows from the first equation of
(2.3). 
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